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Abstract. In this paper we establish the high-order perturbation formulas of zero-field splittings
D andE andg factorsgx , gy andgz for 3d3 ions in rhombic symmetry by using a two-spin–orbit
(SO) coupling parameter model, in which not only the contribution due to the SO coupling of
the central 3d3 ion but also that of the ligands are included. Based on these formulas, all
five EPR parameters for the Cr3+ ion at the rhombic defect site in the cubic AgCl crystal are
satisfactorily explained by considering suitable defect-induced lattice distortion. The relative
importance among the various contributions to the EPR parameters from the SO couplings of
the central 3d3 ion, the ligand ions and the mixed ones is discussed. It can be seen that for
the 3d3 ions in crystals with ligands having large SO coupling parameter, the contribution due
to the SO coupling of ligands cannot be neglected and we should apply the two-SO parameter
model in studies of EPR parameters.

1. Introduction

The theoretical calculations of EPR parameters for 3d3 ions in low symmetry are often
based on high-order perturbation formulas. These formulas can be derived from different
theoretical models. For the sake of simplicity, in classical crystal-field theory, only the
contribution from the spin–orbit (SO) coupling of the central 3d3 ions is considered in these
perturbation formulas, as done by Macfarlane [1, 2] and He and Du [3, 4]. This is the
conventional one-SO-parameter model which is suitable for 3d3 ions in crystals with ligand
ions (such as F− and O2− ions) having small SO coupling parameter. However, if the
SO coupling parameter of ligand electrons is large, we should employ a two-SO-parameter
model where not only the contribution due to the SO coupling of the central 3d3 ions but also
that of ligands is included. In previous papers [5–7], the high-order perturbation formulas
of EPR parameters based on the two-SO-parameter model for 3d3 ions in cubic, trigonal
and tetragonal symmetries were established. However, for 3d3 ions in the more complex
rhombic symmetry, no perturbation formulas of EPR parameters based on the two-SO-
parameter model have been reported. In this paper, we first of all establish the high-order
perturbation formulas of EPR parameters based on the two-SO-parameter model for 3d3 ions
in rhombic symmetry. According to these formulas, we can explain the EPR parameters for
3d3 ions in rhombic symmetry, or, conversely, study the local structure of some rhombic
3d3 clusters in crystals from their EPR data. Since the transition-metal impurities can play
an important role in the properties of inorganic compounds, the studies of the local structural
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parameters of defect site are of significance. As an example, we apply the above formulas
to the studies of the EPR parametersD, E and gi (i = x, y, z) for the Cr3+ ion at the
rhombic defect site in the cubic AgCl crystal by considering suitable defect-induced lattice
distortion. The calculated results show good agreement with the observed values. The local
lattice distortion and the relative importance among the various contributions to the EPR
parameters are discussed.

2. Theoretical formulas

In the two-SO-parameter model, the contributions from the SO coupling of the central 3d3

ions and that of ligands should be included, so we take the LCAO orbital

|9γ 〉 = N1/2
γ (|dγ 〉 − λγ |pγ 〉) (1)

as the one-electron basis function, where|d〉 is the d orbital of the central 3d3 ion and|p〉 is
the p orbital of the ligands; the subscriptγ = t2g or eg is the irreducible representation of
the Oh group.Nγ andλγ are the normalization factors and the orbital mixing coefficients.

For 3d3 ions in a rhombic symmetry (where the symmetry axes and hence the principal
axes of EPR parameters lie along〈110〉, 〈1̄10〉 and 〈001〉 axes), the Hamiltonian can be
written as

H = Hcryst +Ha(B,C)+Hb(B,C)+Hso(ζd, ζp)+Hz (2)

with [3, 4]

Hcryst = Hcub +Hrhom = [γ̄00Z00+ γ̄40r
4Z40+ γ̄ c44r

4Zc44]

+[(γ00− γ̄00)Z00+ γ20r
2Z20+ γ c22r

2Zc22+ (γ40− γ̄40)r
4Z40

+γ c42r
4Zc42+ (γ c44− γ̄ c44)r

4Zc44] (3)

whereHcub, Hrhom, Ha(B,C) andHb(B,C), respectively, are the cubic and rhombic parts
of crystal field and the diagonal and the off-diagonal terms of the electrostatic Coulomb
interaction which appear in the d–d transition energy matrices. The SO coupling Hamiltonian
Hso(ζd, ζp) (where ζd and ζp are the SO coupling parameters of the 3d3 ion and ligand,
respectively) can be written as [5, 7]

Hso(ζd, ζp) = 6ζd(rid)Iid · s+6ζp(rip)Iip · s (4)

and the Zeeman termHz is [5, 7]

Hz = βH(L+ gss). (5)

Similar to Macfarlane’s perturbation-loop method [1, 2], we choose a strong-field cubic
basis for the perturbation calculations. The perturbation Hamiltonian for 3d3 ions in rhombic
symmetry is

H ′ = Hrhom +Hb(B,C)+Hso(ζd, ζp)+Hz. (6)

Thus, the high-order perturbation formulas of EPR parameters based on the two-SO-
parameter model can be derived. They are

D = D(ζd)+D(ζp)+D(ζd, ζp)
D(ζd) = (1/9)(ζ ted )2(35Dt + 7Dη)(1/E

2
1 − 1/E2

3)+ (ζ ted )2ζ td(35Dt + 7Dη)

×[(1/E3
1 + 1/E3

3 − 1/E2
1E3)/27+ 5/(108E1E

2
3)]

+(ζ ted )3(35Dt + 7Dη)[4/(E
2
1E2)− 1/(E2

3E2)]/36

+(1/72)(ζ ted )
2{−72B/(E2E

2
3)(35Dt + 7Dη)
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+(1/E3
1 − 1/E3

3)[(7Dt + 7Dξ + 3Dη)
2+ (7Dt − 7Dξ + 3Dη)

2

+112(5Dt +Dη)(7Dt −Dη)− 32(7Dt +Dη)
2]}

D(ζp) = (1/9)(ζ tep )2(35Dt + 7Dη)(1/E
2
1 − 1/E2

3)+ (ζ tep )2ζ tp(35Dt + 7Dη)

×[(1/E3
1 + 1/E3

3 − 1/E2
1E3)/27+ 5/(108E1E

2
3)]

−(ζ tep )3(35Dt + 7Dη)[4/(E
2
1E2)− 1/(E2

3E2)]/36

+(1/72)(ζ tep )
2{−72B/(E2E

2
3)(35Dt + 7Dη)

(7)

+(1/E3
1 − 1/E3

3)[(7Dt + 7Dξ + 3Dη)
2+ (7Dt − 7Dξ + 3Dη)

2

+112(5Dt +Dη)(7Dt −Dη)− 32(7Dt +Dη)
2]}

D(ζd, ζp) = −(2/9)ζ ted ζ tep (35Dt + 7Dη)(1/E
2
1 − 1/E2

3)

+[(ζ ted )
2ζ tp + (ζ tep )2ζ td − 2ζ tdζ

te
d ζ

te
p − 2ζ tpζ

te
p ζ

te
d ](35Dt + 7Dη)

×[(1/E3
1 + 1/E3

3 − 1/E2
1E3)/27+ 5/(108E1E

2
3)]

+[3(ζ ted )
2ζ tep − 3(ζ tep )

2ζ ted ](35Dt + 7Dη)[4/(E
2
1E2)− 1/(E2

3E2)]/36

−(1/36)ζ ted ζ
te
p {−72B/(E2E

2
3)(35Dt + 7Dη)

+(1/E3
1 − 1/E3

3)[(7Dt + 7Dξ + 3Dη)
2+ (7Dt − 7Dξ + 3Dη)

2

+112(5Dt +Dη)(7Dt −Dη)− 32(7Dt +Dη)
2]}

E = E(ζd)+ E(ζp)+ E(ζd, ζp)
E(ζd) = [7(ζ ted )

2/9]Dξ(1/E
2
1 + 1/E2

3)+ [7(ζ ted )
2/18]Dξ

×[(1/E3
1 + 1/E3

3)(35Dt − 7Dη)+ 18B/(E2E
2
3)]

+[7(ζ ted )
2ζ td/54]Dξ [1/E

3
1 − 1/E3

3 − 1/(E2
1E3)− 5/(4E1E

2
3)]

+[7(ζ ted )
3/18]Dξ [1/E

2
1E2+ 1/(4E2E

2
3)]

E(ζp) = [7(ζ tep )
2/9]Dξ(1/E

2
1 + 1/E2

3)+ [7(ζ tep )
2/18]Dξ

×[(1/E3
1 + 1/E3

3)(35Dt − 7Dη)+ 18B/(E2E
2
3)]

+[7(ζ tep )
2ζ tp/54]Dξ [1/E

3
1 − 1/E3

3 − 1/(E2
1E3)− 5/(4E1E

2
3)]

(8)

−[7(ζ tep )
3/18]Dξ [1/E

2
1E2+ 1/(4E2E

2
3)]

E(ζd, ζp) = (−14ζ ted ζ
te
p /9)Dξ (1/E

1
2 + 1/E2

3)− (7ζ ted ζ tep /9)Dξ

×[(1/E3
1 + 1/E3

3)(35Dt − 7Dη)+ 18B/(E2E
2
3)]

+{7[(ζ ted )
2ζ tp + (ζ tep )2ζ td − 2ζ tdζ

te
d ζ

te
p − 2ζ tpζ

te
p ζ

te
d ]/54}Dξ

×[1/E3
1 − 1/E3

3 − 1/(E2
1E3)− 5/(4E1E

2
3)]

+{7[(ζ ted )
2ζ tep − (ζ tep )2ζ ted ]/6}Dξ [1/E

2
1E2+ 1/(4E2E

2
3)]

1gz = gz − gs = 1gz(ζd)+1gz(ζp)+1gz(ζd, ζp)
1gz(ζd) = −8k′ζ ted /3E1+ [2(k − 2gs)(ζ

te
d )

2− 4k′ζ ted ζ
t
d ]/9E2

1 + 4(ζ ted )
2(k − 2gs)/9E

2
3

−2(ζ td)
2(k + gs)/3E2

2 + 4k′ζ ted ζ
t
d [1/9E1E3− 1/3E1E2+ 1/3E2E3]

+16k′Dηζ
te
d /9E

2
1

1gz(ζp) = 8k′ζ tep /3E1+ [2(k − 2gs)(ζ
te
p )

2+ 4k′ζ tep ζ
t
p]/9E2

1 + 4(ζ tep )
2(k − 2gs)/9E

2
3

−2(ζ tp)
2(k + gs)/3E2

2 − 4k′ζ tep ζ
t
p[1/9E1E3− 1/3E1E2+ 1/3E2E3]

(9)

−16k′Dηζ
te
p /9E

2
1

1gz(ζd, ζp) = −[4k′(ζ tpζ
te
d − ζ tdζ tep )+ 4(k − 2gs)ζ

te
d /ζ

te
p ]/9E2

1 − 8ζ ted ζ
te
p (k − 2gs)/9E

2
3
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−4ζ tpζ
t
d(k + gs)/3E2

2 + 4k′(ζ tpζ
te
d − ζ tdζ tep )

×[1/9E1E3− 1/3E1E2+ 1/3E2E3]

1gx = gx − gs = 1gx(ζd)+1gx(ζp)+1gx(ζd, ζp)
1gx(ζd) = 1gz(ζd)− 2k′ζ ted (35Dt + 7Dξ + 7Dη)/9E

2
1

1gx(ζp) = 1gz(ζp)+ 2k′ζ tep (35Dt + 7Dξ + 71η)/9E
2
1

1gx(ζd, ζp) = 1gz(ζd, ζp)

(10)

1gy = gy − gs = 1gy(ζd)+1gy(ζp)+1gy(ζd, ζp)
1gy(ζd) = 1gz(ζd)− 2k′ζ ted (35Dt − 7Dξ + 7Dη)/9E

2
1

1gy(ζp) = 1gz(ζp)+ 2k′ζ tep (35Dt − 7Dξ + 7Dη)/9E
2
1

1gy(ζd, ζp) = 1gz(ζd, ζp)

(11)

with

ζ td = Nrζ 0
d ζ tp = Ntλ2

t ζ
0
p /2 ζ ted = (NtNe)1/2ζ 0

d ζ tep = (NtNe)1/2λtλeζ 0
p /2

k = Nt(1+ λ2
t /2) k′ = (NtNe)1/2(1− λtλe/2). (12)

In the above EPR parametersP (P = D,E,1gi), P(ζd), P(ζp) andP(ζd, ζp) denote the
contributions from the 3d3 ion, the ligand ions and the mixed ones, respectively.B andC
are the Racah parameters.gs (= 2.0023) is the spin-only value.Ei (i = 1, 2, 3) in (7)–(11)
are the zero-order energy denominators defined in [1, 2]. The rhombic field parametersDt ,
Dξ andDη are defined by

Dt = − 1

7
√

4π
〈(γ40− γ̄40)r

4〉

Dξ = − 2
√

5

7
√

4π
〈γ c42r

4〉 (13)

Dη =
√

5

7

1√
4π
〈(γ c44− γ̄ c44)r

4〉.

Noteworthily, the above perturbation calculations show that, in this kind of rhombic
symmetry, the contributions to the EPR parameters from the rhombic distortion are described
by the rhombic field parametersDt , Dξ andDη, corresponding to the terms (γ40− γ̄40), γ c42
and (γ c44− γ̄ c44), respectively, and the contributions due to the terms includingγ c22 andγ20

are cancelled. This point is also held in the conventional single-SO formulas for d3 ions in
rhombic symmetry [3, 4].

Obviously, in the conventional one-SO-parameter model,D = D(ζd), E = E(ζd) and
1gi = 1gi(ζd).

3. Calculations

Now, we apply the above formulas to study the local structure of the rhombic Cr3+ centre in
the AgCl crystal (where the SO coupling parameter (ζ 0

p ≈ 587 cm−1 [8]) of the free ligand

ion Cl− is much larger than that (ζ 0
d ≈ 273 cm−1 [9]) of the free Cr3+ ion) by calculating its

EPR parameters. AgCl is an ionic conductor. The knowledge of local structure for Cr3+ in
AgCl is helpful to the understanding of the ionic conductivity and optical absorption [10, 11].
So, the studies are of interest. The experimentalx, y and z axes of the spin Hamiltonian
and hence of the rhombic coordination for the rhombic centre are〈110〉, 〈1̄10〉 and 〈001〉,
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Figure 1. The defect-induced lattice distortion for the rhombic VM–Cr3+–VM centre in AgCl
expected from the electrostatic interaction. The ions Cl−

V and Cl−V I are repulsed by both VM
and each planar Cl− ion is repulsed by the neighbouring VM . The displacement of the Cl−V and
Cl−V I is 1Rz and that of the four planar Cl− ions is1Rp .

respectively [12], suggesting that the rhombic Cr3+ centre in cubic AgCl is formed by a
Cr3+ ion associated with two nearest Ag+ vacancies (VM ) along the〈110〉 and 〈1̄1̄0〉 axes
(see figure 1) due to charge compensation, and so we call it the rhombic VM–Cr3+–VM
centre. The effective charge of VM is negative; it can be expected that the six Cl− ions
around the Cr3+ ion should be displaced owing to the electrostatic repulsive forces between
the Cl− ions and the two VM . The displacement directions and amounts1Rp and1Rz
are shown in figure 1. The cubic field parameterDq ∝ R−n. The pressure experiment for
NiO [13] and the theoretical studies based on molecular orbital calculations for 3d3 ions in
many crystals [14, 15] show thatn ≈ 5, the value obtained from the point-charge model,
is approximately valid. So, we apply this model to estimate the rhombic field parameters.
Thus, we have

Dt = eq〈r4〉[1/(28R5
⊥)+ 1/(21R5

‖)− 1/(12R5)]

Dξ = eq〈r4〉 cos 28/(21R5
⊥) (14)

Dη = (5/6)eq〈r4〉(cos 48/R5
⊥ + 1/R5)

where

R⊥ = (R2+1R2
p)

1/2 R‖ = R +1Rz 8 = π/4+ tan−1(1Rp/R) (15)

andR is the impurity–ligand distance in the cubic centre. It can be expected thatR < RH
(whereRH is the cation–anion distance in the host crystal) in the AgCl:Cr3+ crystal owing
to the smaller ionic radius and the extra charge of Cr3+ compared with those of the Ag+

ion. We can estimateR from the approximate formula [16, 17]

R ≈ RH + (ri − rh)/2 (16)
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where ri and rh are the ionic radii of the impurity and that of the replaced host ion,
respectively. For the AgCl:Cr3+ crystal,ri ≈ 0.755 Å, rh ≈ 1.29 Å [18] andRH ≈ 2.77 Å
[19]. So we haveR ≈ 2.503 Å. The value ofeq〈r4〉 can be obtained from the observed
Dq by using the formulaDq = −eq〈r4〉/6R5 based on the point-charge model. For the
studied AgCl:Cr3+, Dq ≈ 1310 cm−1, B ≈ 600 cm−1 andC ≈ 2400 cm−1 are obtained
from the optical spectra [10] and the valueeq〈r4〉 can be calculated.

Here, a semiempirical method [5] is employed to determine the LCAO coefficientsNγ
andλγ . We have the approximate relationship [5]

fγ = N2
γ [1+ λ2

γ S
2
dp(γ )− 2λγ Sdp(γ )] (17)

and the normalization correlation

Nγ (1− 2λγ Sdp(γ )+ λ2
γ ) = 1 (18)

where Sdp(γ ) is the group overlap integral.fγ ≈ f ≈ (B/B0 + C/C0)/2, whereB0

(≈1030 cm−1) andC0 (≈3850 cm−1) are the Racah parameters of the free Cr3+ ion [9].
From the above parametersB and C in AgCl:Cr3+, we obtainfγ ≈ 0.6 here. Since
the rhombic distortion of the impurity centre is small, we obtainSdp(t2g ) ≈ 0.018 54 and
Sdp(eg) ≈ 0.057 29 by using the Slater-type SCF function [20, 21] and the distanceR in
AgCl:Cr3+. Thus, from (17) and (18), we haveNt ≈ 0.7825,λt ≈ 0.5461,Ne ≈ 0.8003
andλe ≈ 0.5601. Substituting all these parameters related to the rhombic Cr3+ centre in
the AgCl crystal into (7)–(11), we find that when1Rp ≈ 0.044 Å and1Rz ≈ 0.145 Å, the
five calculated EPR parametersD, E and1gi show very good agreement with the observed
values (within the experimental errors) [12]. The comparisons between the calculated and
observed EPR parameters are shown in table 1.

Table 1. The EPR parametersP (P = D,E, gx, gy, gz) of the rhombic Cr3+ centre in AgCl.

P D (10−4 cm−1) E (10−4 cm−1) 1gx 1gy 1gz

P (ζd ) 696 409 −0.0309 −0.0305 −0.0301
P(ζp) 74 44 0.0099 0.0098 0.0097
P(ζd , ζp) −457 −269 6× 10−5 6× 10−5 6× 10−5

P (total) 313 184 −0.0209 −0.0207 −0.0204
P (expt.) [12] 313(5) 184(1) −0.0223(50) −0.0223(50) −0.0223(50)

4. Discussions

From the above studies, one can find that1Rp > 0 and1Rz > 0, suggesting that the
displacement directions of Cl− ions in figure 1 are consistent with the expectations based on
the electrostatic interactions. Since the expectations of ion displacement directions based on
the electrostatic interactions in similar cases, e.g., the tetragonal Cr3+–VM centre in MgO, are
supported by the embedded-quantum-cluster calculations [22] and EXAFS experiment [23],
the displacement directions obtained in this paper can be regarded as physically reasonable.
The larger displacement1Rz of the two ions Cl−V and Cl−V I than that of the four planar
Cl− ions may be because (i) the ions Cl−

V and Cl−V I are repulsed by both VM , and (ii) the
repulsive force between Cl−I and Cl−II (and also that between Cl−III and Cl−IV ) increases
with decreasing distance between the two Cl− ions caused by the VM (see figure 1), which
should limit the displacement1Rp. So, the above impurity-induced lattice distortions are
understandable.
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Table 1 shows that if only the contribution from the SO coupling of Cr3+ ions is
considered, all the calculated EPR parametersD(ζd), E(ζd) and 1gi(ζd) are in poor
agreement with the observed values. Therefore, although the contributions to EPR
parameters from the SO coupling of the central ion Cr3+ are the largest, the contributions
from the terms related to the SO coupling of ligand cannot be neglected. In fact, one can find
that for the zero-field splittingsD andE in AgCl:Cr3+, the contributions from the mixing
termsD(ζd, ζp) andE(ζd, ζp) are opposite in sign and about 65% in magnitude compared to
the correspondingD(ζd) andE(ζd), and the contributions ofD(ζp) andE(ζp) are also about
10% those ofD(ζd) andE(ζd). For theg shifts1gi , the relative importance between the
contributions from the SO coupling of ligand and mixing term is opposite to that for the zero-
field splittings, i.e., the absolute values of1gi(ζp) are about 32% those of1gi(ζd) and the
values of1gi(ζd, ζp) are very small. According to (7)–(11), the main contribution toD (or
E) arises from the third-order terms inD(ζd) andD(ζd, ζp) (or E(ζd) andE(ζd, ζp)), thus
the ratio |D(ζd, ζp)/D(ζd)| (or |E(ζd, ζp)/E(ζd)|) is approximately 2(ζ tep /ζ

te
d ). However,

the main contribution to1gi arises from the second-order terms in1gi(ζd) and1gi(ζp),
thus the ratio|1gi(ζp)/1gi(ζd)| is approximately (ζ tep /ζ

te
d ). Therefore, the conclusion that

the inclusion of the ligands gives larger contribution to the parameterD (or E) than that
to theg factors (i.e.,|D(ζd, ζp)/D(ζd)| ≈ |E(ζd, ζp)/E(ζd)| ≈ 2|1gi(ζp)/1gi(ζd)|) can be
understood.

In summary, for all the EPR parametersD, E and1gi of the rhombic VM–Cr3+–VM
centre in AgCl, since the SO coupling parameter of the ligand is larger than that of the central
metal ion, the contributions from the terms related to the SO coupling of ligand are important
and should be taken into account. Noteworthily, the contributions to EPR parameters from
the SO coupling of ligand increase with the increasing SO coupling parameter. Therefore,
in the studies of EPR parameters for 3d3 ions in crystals with ligands having large SO
coupling parameter, the conventional one-SO-parameter model is not suitable and hence the
two-SO-parameter model should be applied.

References

[1] Macfarlane R M 1967J. Chem. Phys.47 2066
[2] Macfarlane R M 1970Phys. Rev.B 1 989
[3] He X P and Du M L 1988J. Phys. Chem. Solids49 339
[4] He X P and Du M L 1987Phys. Status Solidib 144 K51
[5] Du M L 1992 Phys. Rev.B 46 5274
[6] Du M L and Rudowicz C 1992Phys. Rev.B 46 8974
[7] Wu S Y and Zheng W C 1997Phys.B 233 84
[8] McPherson G L, Kach R C and Stucky G D 1974J. Chem. Phys.60 1424
[9] Griffit h J S 1964The Theory of Transition-metal Ions(London: Cambridge University Press)

[10] Ulrict W 1968 Phys. Status Solidi27 489
[11] Koswig H D and Kunze I 1965Phys. Status Solidi9 451
[12] Cook F B I andSmith M J A 1974J. Phys. C: Solid State Phys.7 2353
[13] Drickamer H G 1967J. Chem. Phys.47 1880
[14] Moreno M, Barriuso M T and Aramburu J A 1994Int. J. Quantum Chem.52 829
[15] Moreno M 1990J. Phys. Chem. Solids51 835
[16] Li Z M and Shuen W L 1996J. Phys. Chem. Solids57 1673
[17] Zheng W C 1995Phys.B 215 255
[18] Shannon R D 1976Acta Crystallogr.A 32 751
[19] Wyckoff R W 1951Crystal Structuresvol 1 (New York: Interscience)
[20] Clementi E and Raimondi D L 1963 J. Chem. Phys.38 2686
[21] Clementi E, Raimondi D L and Reinhardi W P 1967J. Chem. Phys.47 1300
[22] Groh D J, Pandey R and Recio J M 1994Phys. Rev.B 50 14 860
[23] Asakura K and Iwasawa Y 1988Mater. Chem. Phys.18 499


